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ABSTRACT
A linear combination of modified Bessel functions is defined,
discussed briefly, and tabulated; namely,
kT(Xx) E Ik(Xx) K (Xx) - (-1)
k +
I(Xx ) Kk(XX)
This combination was found to recur in the analysis of various heat
transfer problems and in the analysis of the thermal behavior of liv-
ing tissue when modeled by cylindrical shells.
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1. INTRODUCTION
Many physics and engineering problems are amenable to solutions
in terms of Bessel functions. These functions have been extensively
studied and tabulated. A hitherto undefined linear combination of
modified Bessel functions was found to recur in the analysis of nu-
merous engineering problems dealing with diffusion phenomena. Some
examples in heat transfer are: steady heat flow in thin rods, taper-
ing fins and thin fins around cylinders, electrical transmission lines,
Laplace transforms applied to flow of heat in cylinders, and the model-
ing of living tissue by the "bio-heat" equation. This combination of
Bessel functions is defined, discussed, and tabulated in this paper.
2. ANALYSIS
Consideration of a steady state energy balance in a heat
generating material whose heat source is linearly dependent on the
temperature leads to the following equation:
V2T - X2T = 0 (1)
where T is the temperature of the medium and A2 is the ratio of the
strength of the source per unit time, degree and unit volume to the
conductivity of the medium. In many cases, and for cylindrical
geometries in particular, Eq. (1) may yield the following equation [1,21]
,, + 1 y, _ (X2 + v2/X ) Y = 0 (2)
x
Equation (2) is referred to as the modified Bessel equation of order v.
If v is an integer, the following linear combination of modified
Bessel functions is found to recur in the solution of Eq. (2):
Ykg(Ax) E Ik(X) Kg(Axl ) (-1) Ig(Axl) K(x) (3a)
or
Ik(Ax) (-1) Kk(Ax)
uk1(AXx) (3b)
I9 (Axl) K9 (AXx1)
This shorthand definition of the linear combination of modified Bessel
functions simplifies the analysis of the problems considerably. Further-
more, it was observed that the function defined in Eqs. (3a) or (3b)
*Numbers in brackets refer to entries in REFERENCES.
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exhibits a few interesting characteristics that render the above defi-
nition even more useful. These characteristics are:
(a) By definition, the function kPI(Xx) satisfies the modified
Bessel equation of order k,
x d d Ax)] - (X2 = (4)
(b) This function obeys the same differentiation rule as does
the modified Bessel function of the first kind.
dx FTy(Xx)l k=T' (Xx) + Xx T'1 (Ax) (
x IMI (kx) (k+l)2()
Therefore, it is not a so-called cylinder function.
(c) For two consecutive indices the following identity is ob-
tained [3 (p. 375)].
(6)k(k+l(Xl ) x
(d) When the indices are reversed in order, the following ex-
pression is obtained:
'I (Ax.) = (-l)k+9 + l k(Xi) (7)
(e) For identical indices the following result is obtained
Tkk(xl ) E 0 (8)
The above list of characteristics is not an exhaustive one.
3
When plotted on semi-log coordinates, the function (k+l)(Ax)
appears to behave as two straight lines as shown in Figs. 1 and 2.
Also, the absolute magnitudes of the slopes of these lines seem to
be identical. These characteristics suggest the approximation of
the function by an exponential expression of the kind
i (k+l)( Ax) = exp U(Axl) + SAx (9)
for
'¥5 < Ax < X2
and
Ax > X3
where X2 < X xl and X3 > X x1 . The branches are symmetrical with re-
spect to Ax = Axl with slopes of S = -0.43 and S = 0.43, respectively.
For the right-hand branch, i.e., Ax > X3 , U is about -0.5Ax!, whereas
for the left-hand branch U is of the order of 0.4Ax1.
Figures 3 and 4 show the function for repeated subscripts 0 and 1.
A simple computer program was written for the purpose of computing
the function Qg(Ax) = TYC(X). Results for the first four combinations
of indices are given in the tables. Values of the arguments,
X as well as X1, in the tables are for the range 0.01 to 100.
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0.698519E 01
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0.217616E 02 0.621315E 01
0.224408E 02 0.737772E 01
0.232390E 02 0.859663E 01
0.241622E 02 0.987969E 01
0.252175E 02 0.112371E 02
0.453885E 02 0.316655E 02
0.971757E 02 0.787092E 02
0.225018E 03 0.194307E 03
0.542335E 03 0.484513E 03
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O.lld92E 30
0.238569E 34
0.491920E 38
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0.213609E 47
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3.243430E 13
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0.334391E 43
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0.302673E 02
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0.514530E 02
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0.863593E 02
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0.317338E 03
0.788713E 03
0.194705E 04
0.485504E 04
0.122379E 05
0.311304E 05
0.797760E 05
0.205671E 06
0.532872E 06
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0.579176E 23
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0.0
0.406141E 00
0.697813E 00
0.930281E 00
0.112871E 01
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0.163439E 01
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0.388040E 01
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0.117841E 03
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0.191673E 04
0.493511E 04
0.763445E 08
0.137004E 13
0.261061E 17
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0.210603E 30
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0.608901E 01
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0.321109E 03
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0.134478E 05
0.208033E 09
0.373324E 13
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0.140058E 22
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0.573875E 30
0.118214E 35
0.245449E 39
0.512820E 43
-0.751221E 00
0.0
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0.190978E 04
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0.127565E 05
0.202764E 09
0.367049E 13
0.702421E 17
0.138650E 22
0.279144E 26
0.569761E 30
0.117473E 35
0.244081E 39
0.510250E 43
0.252815E 01
0.499999E 01
0.752605E 01
0.101128E 02
0.127773E 02
0.155388E 02
0.184179E 02
0.214365E 02
0.246175E 02
0.279854E 02
0.787569E 02
0.195741E 03
0.483215E 03
0.120491E 04
0.303719E 04
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0.333333E ul
0.334852E 01
C.339022E 01
0.345522E 01
C.354216E 01
C.365061E 01
0.376070E 01
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